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ALGORITHMIC RECOGNITION OF QUASIPOSITIVE 
4-BRAIDS OF ALGEBRAIC LENGTH THREE 


S.Yu. Orevkov 


Abstract. We give an algorithm to decide whether a given braid with four strings 
is a product of three factors which are conjugates of standard generators of the braid 
group. The algorithm is of polynomial time. It is based on the Garside theory. 
We give also a polynomial algorithm to decide if a given braid with any number of 
strings is a product of two factors which are conjugates of given powers of the stan¬ 
dard generators (in my previous paper this problem was solved without polynomial 
estimates). 


1. Introduction and statement of main results 

In this paper we continue the study started in [18] and [20]. Let G* be a Garside 
group with set of atoms A, for example, G = Br^ - the braid group and A = 
{ai,..., cr^-i} - the set of its standard generators (called also Artin generators). 
Recall that Br^j is generated by A subject to the relations 

CTiCTj = ajai for \i — j\ > 1; UiUjai = ajCTiCTj for \i — i\ = 1. 

If an element of G is a product of conjugates of atoms, we say that it is A- 
quasipositive or just quasipositive when it is clear which A is meant. Note that for 
Artin-Tits groups (in particular, for braid groups) the notion of quasipositivity does 
not depend on the choice between the standard or the dual Garside structure. We 
are looking for a solution to the Quasipositivity Problem - the algorithmic problem 
to decide whether a given element of G is quasipositive or not. This problem arises 
in the study of plane complex algebraic or pseudoholomorphic curves, see, e. g., 
[22, 6, 15-17, 19], 

Let e : G —)■ Z be the homomorphism which takes all atoms to 1. The value e{X) 
is called the algebraic length or exponent sum of X. The quasipositivity problem 
for n-braids is solved in [18] for n = 3 and in [20] for any n but only for braids of 
algebraic length two. Note that the case n < 3 is trivial and the case e{X) < 2 is 
the simplest particular case of the conjugacy problem. The case n = 4, e(X) = 3 
is done in the present paper, see Theorem 1.4. 

In fact, a slightly more general problem is solved in [20]. We found an algorithm 
to decide whether a given braid A is a product of two conjugates of atom powers. 
The algorithm in [20] is rather efficient in practice but no polynomial time bounds 
are known for it. Here we give a polynomial time solution to this problem; in the 
case of braid groups, it is also polynomial with respect to the number of strings. 
Namely, Theorem 1.1 states that if A is a product of two conjugates of atom 
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powers, then each element of the snper snmmit set SSS(X) for the Birman-Ko- 
Lee Garside strnctnre satishes a certain qnickly checkable condition (see Corollary 

I. 2 and Proposition 3.10), and it is known [5] that an element of SSS(X) can be 
compnted in polynomial time. 

Theorem 1.1 also plays a central role in onr proof of Theorem 1.4 (the main 
resnlt of the paper) which states that if a 4-braid X with e{X) = 3 is qnasipositive, 
then SSS(X) contains an element of the form xY for an atom x and a qnasipositive 
braid Y of algebraic length 2. So, Theorem 1.4 solves the qnasipositivity problem 
for 4-braids X with e{X) = 3. This solntion is of polynomial time provided a 
polynomial npper bonnd for the size of SSS(X). Snch a bonnd is given by S.- 

J. Lee [14; Corollary 4.5.4]. Note that recently Calvez and Wiest [7] independently 
obtained the main resnlt of [14; Chapter 4] (a polynomial time solntion to the 
conjngacy problem in Br 4 ) by similar methods. 

Let ns give precise statements of the main resnlts. For elements a, 6 of a gronp 
G we set 6“ = a~^ba^ = {h^ \ c G C}, and we write a ~ 6 if a G 6*^. When 
speaking of Garside gronps, we nse the terminology and notation from [20] which 
is mostly the same as in [13]; see Section 2.1 for a very brief snmmary. 

Theorem 1.1. Let {G,V,d) be a homogeneous symmetric square free Garside 
structure of finite type (for example, the Birman-Ko-Lee Garside strnctnre on Br^) 
and let A be the set of atoms. 

Let Z G SSS(Z') n where kfi > 1 and x,y G A. Then, up to 

exchange of x^ and y^, one of the following possibilities takes place: 

(i) Z = XY where X ^ x\ Y ^ y^, and £(Z) = £(X) + £(Y); 

(ii) Z = XiYxi~^ where Y y\ xi & x^ HA, £) < p < k, and £(Z) = k + £(Y); 

(iii) Z = Xiy\x\~^ where xi G fl A, G fl A, and 0 < p < k. 

Using the blocking property [20; Corollary 7.2] (see Theorem 3.3), Theorem 1.1 
implies 

Corollary 1.2. Let the hypothesis of Theorem 1.1 hold and ini Z <0. 

If Case (i) occurs, i. e., if Z = {xi)^{y{)^ with xi E x^ D A, yi E y'^ fl .4., and 
£{P) + £{Q) > 1 {we may assume also that inf P = inf Q = 0) then the left normal 
form of Z is 


5-P-^ ■A^■...■Ap■C^■...■ Ck+p+, ( 1 ) 


where Ai ■ ... ■ Ap, Ci ■ ... ■ Ck+p+q, and Bi ■ ... ■ Bq are the left normal forms of 
SPt~'^{P~^), 5‘^XiPQ~^, and Q respectively. 

If Case (ii) occurs, i. e., if Z = x^{y[)^x^~^ with xi E x^ O A, yi E y^ O A, 
and £{Q) = n > 1 {we may assume also that inf Q = 0) then the left normal of Z is 

5-^ ■ Cl ■ . . . ■ Cp+r. • 1/1 ■ Pi ■ . . . ■ Pn • X\-^ (2) 

where Ci ■ ... ■ Cn+p and Pi ■... ■ P^ are the left normal forms of S'^x\Q~^ and Q 
respectively. □ 

All possibilities for the left normal forms of Z in Case (iii) of Theorem 1.1 are 
listed in Proposition 3.10. 
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Note that due to Corollary 1.2, it is very fast to check whether Z satishes Con¬ 
ditions (i) or (ii): it is enough to recognize the pattern y\ in the left normal form 
of Z and to check (using Theorem 3.2) whether we obtain a conjugate of after 
its removal; then, of course, the same should be done with and swapped. If 
inf Z > 0, then Condition (iii) can be checked for all pairs of atoms {xi^yi) from 
{x'^) X {y^) (Proposition 3.10 can be used to reduce the number of tests). 

Corollary 1.3. Let the hypothesis of Theorem 1.1 holds and mi Z < 0. Then 
any cycling orbit o/USS(Z’) and any decycling orbit o/USS(Z“^)“^ contains an 
element whose left normal form is as in [20; Theorem lb], i. e., of the form (2) 
with p = 0. 

This fact was conjectured in [20; Remark (4) on p. 1083]. In particular, it gives a 
proof of [20; Theorem lb] independent of the transport properties of cyclic sliding. 
Theorem 1.1 and Corollary 1.3 are proven in Section 3. An important ingredient of 
the proof is the blocking property of square free homogeneous symmetric Garside 
structures [20; Section 7] (see Theorem 3.3). 

Theorem 1.4. Let {G,V,d) be a square free homogeneous symmetric Garside 
structure of finite type such that ||(5|| = 3 (for example, the Birman-Ko-Lee Garside 
structure on Br 4 ) and let A be the set of atoms. 

Let X E afa^a^ with ui, a 2 , as E A. Then there exists a permutation {x, y, z) of 
{ai,a 2 ,as) such thatSSS{X) contains an element of the form xiY withxi Ex'^HA, 
Y E y^such that either inf T = inf xiY or Y E V. 

So, this theorem reduces the quasipositivity problem for the case e{X) = 3 to 
the quasipositivity problem for the case e{X) = 2. Theorem 1.4 is an immediate 
consequence of Lemmas 5.1 - 5.4. 

Remark 1.5. It seems plausible that Theorem 1.4 holds with minor changes for 
products of three conjugates of given powers of atoms. 

Remark 1.6. The following example shows that SSS(X) cannot be replaced by 

USS(X) in Theorem 1.4. We consider the 4-braid X = Then, for 

the Birman-Ko-Lee Garside structure on Br 4 , we have: £s(^) = 12, inf^ W = —5, 
supg X = 7, all elements of USS(W) are rigid, and | USS(W)| = 48. A computation 
shows that x~^Z is not quasipositive for any x E A, Z E USS(W). 

In Section 6 we give a summary of those results from Lee’s thesis [14] about 
the structure of SSS(W) which extend to any homogeneous Garside group with 
II A|| = 3. This section is independent of the rest of the paper. 

2. Garside groups 

2.1. Notation and some definitions. Given two elements a, 6 of a group G, we 
set 6“ = a~^ba and b^ = {b^ \ c E G}. 

Garside groups were introduced in [10, 9] as a class of groups to which Garside’s 
methods [12] extend. We use the definitions and notation for Garside structures 
introduced in [13] and reproduced almost without changes in [20]. So, a Garside 
structure on a group G is (G, V, A) where A is the Garside element and V = 
{X I X 1}; we set t{X) = X^; we denote the infimum, supremum, canonical 
length, and (when X E V) letter length of A G G by inf A, sup A, £(A), and 
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||X|| respectively; we denote the minimal valnes of infy, snpy, and ^{Y) over all 

Y G by infs X, snp^ X, and £s{X) (see details in [13, 20]). 

The only difference between the notation in [13] and in [20] is that we denote 
the set of simple elements by [1, A] instead of the commonly nsed notation [0,1]. 
We set also ]1, A] = [1, A] \ {1}, [1, A[ = [1, A] \ {A}, ]1, A[ = [1, A[ \ {1}. 

The only new terminology introdnced in [20] is the following. We say that a 
Garside strnctnre is homogeneous if ||AT|| = ||A|| + ||y|| for any X,Y eV. In 
this case we dehne a gronp homomorphism e : G —)■ Z by setting e{X) = ||A|| 
for X E V. A Garside strnctnre is called symmetric if A^B^B)pA for 
any simple elements A, B and it is called square free if 7 ^ A for any atom x. 
The main example of symmetric homogeneons sqnare free Garside strnctnres are 
the dnal Garside strnctnres on Artin-Tits gronps of spherical type introdnced by 
Bessis [1], in particnlar, the Birman-Ko-Lee Garside strnctnre [4] on Br„. Another 
example is the Garside strnctnre on the braid extension of the complex reflection 
gronp G(e, e, r) introdnced in [2]. 

In this paper we denote the Garside element by A when we speak of an arbitrary 
Garside strnctnre, bnt we denote it by 5 (as in [4]) if the Garside strnctnre nnder 
consideration is snpposed to be homogeneons and symmetric. 

We denote the left (resp. right) gcd and 1cm of X and Y hy X f\Y and X \J Y 
(resp. by A a"' y and X v"' y). We denote the nsnal (i. e., left) cycling, decycling, 
and cyclic sliding operators by c, d, and s respectively. We denote the initial factor, 
hnal factor, and preferred prehx of X by i(A), ‘^(A), and p(A). So, c(A) = X''^^\ 
d(A) = \ 'S(A) = AP(^\ We denote the right connterparts of c, d, t, (p by 

c^, d^, 9 ?^, i. e., if Ai ■ ... ■ ■ A^, r > 1, is the right normal form of A, then 

L^{X) =TP{Ar), (^\A) = Ai, c\A)=A^'W\ d^(A)=A‘^"W. 

2.2. Some facts about geueral Garside groups. Let (G, P, A) be any Garside 
strnctnre of hnite type. 

Lemma 2.1. Let X,Y E G. Then: 

(a) , inf Ay >infA-l-infy if and only if A ^ i^{X)i{Y). 

(b) . snpAy <snpA-|-snpy if and only if ip{X)(p*'{Y) ^ A. 

Proof, (a). See [20; Lemma 2.4]. 

(b). Follows from (a) applied to Y~^ and X~^. Indeed, snppose that snp Ay < 
snpA + snpy. Then mfy-^A-^ = inf(Ay)-i = - snp AT > - snp A-snp A = 
inf A“^ 4-infy“^. Hence A ^ <.^(y“^)<.(A“^) by (a). Note that p){X)i{X~^) = 
t\y-^)¥7^(y) = A, thns A ^ 6\y-i)t(A-i) = (A(^^(y)-1)((^(A)-1A) whence 
I ^ ip'{Y)~^p){X)~~^A and, hnally, p{X)ip'(Y) A. □ 

Lemma 2.2. Let snpAsA < snp A -t-snpA where X,Y E G, s E [I, A]. Then 
there exist u,v E [I, A] such that s = uv, snp Art = snp A, and snpnA = snp A. 

Proof. If snp As < snp A, then we jnst set w = s, n = I and we are done. So, 
assnme that snp As = snp A-l-I. Then, by Lemma 2.1b, we have p{X.s)‘pA{Y) ^ A. 
Let V — ip{Xs). Then s v hj Lemma 2.5, i. e., s = uv for some u E [I, A]. Since 

V — ip{Xuv), we have snp Ann = snp An-|-snp n, hence snp An = snp As —snp n = 
snp As — I = snp A. Since vip^{Y) ^ A, we have snpnA = snp A. □ 
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Lemma 2.3. [8; Prop. 3.1]. Suppose that X = Ai-A 2 -.. .-Ar is in left normal form 
{Ai G ]1, A[, i = 1,... ,r), and let Aq be a simple element. Then the decomposition 
AqX = A'q- A'l'.. .■ A’^ is left weighted where the A'- ’s are defined recursively together 
with simple elements to,. ■. ,tr by the conditions that to = Aq, ■ ti is the left 
normal form of U-iAi for i = 1,... ,r, and = tr- We have A[ ^ X for i > Q 
and A[^ 1 for i < r {but it is possible that Aq = A or ^4^ = 1). □ 

Corollary 2.4. Under the hypothesis of Lemma 2.3, suppose that supAoA = 
sup Aq + sup A anc? ||Ai|| = 1/or some i G {1,..., r}. Then (p{AqX) — (p{X). □ 

Lemma 2.5. [8; Prop. 3.3]. Suppose that X = Ai ■ A 2 ■...■ Ar is in left normal 
form {Ai G ]1,A[, i = l,...,r), and let Ay._|_i be a simple element. Then the 
decomposition AA^+i = A'/ ■ ... ■ A'fj^^is left weighted where the A't’s are defined 
recursively together with simple elements A'^,..., A^ by the conditions that A^_,_]^ = 
Aj._|_i, A' ■ A'fj^^ is the left normal form of Ai, A'_|_j^ for i — r,... ,1, and A'/ = A'^. 
We have A” 7^ A for i > 1 and A” 7^ 1 for i < r {but it is possible that A'/ = A or 

A'+i = i)- n 

3. Super summit set of a product of two conjugates of atom 

POWERS IN SQUARE-FREE HOMOGENEOUS SYMMETRIC GaRSIDE GROUPS 

In this section we prove Theorem 1.1 and Corollary 1.3. Throughout this section 
{G, V, h) is a square free symmetric homogeneous Garside structure with set of 
atoms A. 

3.1. Preliminaries. 

Lemma 3.1. [20; Lemma 3.1]. Let a: G A and A eV. If xA ^ S, {resp. Ax ^ 5), 
then there exists xi G fl A such that xA = Axi {resp. Ax — xiA). 

Proof. Immediately follows from the fact that the Garside structure is symmetric 
and homogeneous. □ 

The following three results are proven in [20]. 

Theorem 3.2. [20; Theorem la]. Let A ~ a:^ where x E A, k > 1. Then the left 
normal form of X is ■ An ■... ■ Ai ■ Xi ■ Bi ■... ■ Bn where n > 0, xi G a;*^ fl A, 
and Ai5^~^ Bi = for i — 1,... ,n. In particular, i{X) = k + 2n = k —2 ini X. □ 

Theorem 3.3. (Blocking property [20; Corollary 7.2]). Let A ~ a:^ where x E A, 
X ^P, k>l. LetU E G be such that inf At/ = inf A + inf t/. Then i{XU) = 
6 (A). □ 

Lemma 3.4. [20; Lemma 7.5]. Let A E [1, 5] and P E V. Then d A (AP) = 5 A 
{A^P). In particular, if X E G is such that inf AA = inf A, then i{A^X) = i{AX) 
and inf A^A = inf AA = inf A. □ 

Remark 3.5. The conclusion of [20; Lemma 7.5] was erroneously stated in the 
form i{AP) = i{A^P). This is wrong in general without the assumption d 7^ AP as 
one can see in the example G = Br4 (with the Birman-Ko-Lee Garside structure, 
thus d = a‘3(T2cri), A = (T2cri, P = t^(A), and hence i{AP) = a 2 , i{A^P) = A. The 
statement and the proof of [20; Lemma 7.5] become correct if one replaces all 6 (...) 
by 5 A (...). This mistake does not affect the usage of the lemma in the proof of 
the blocking property. 
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Lemma 3.6. Let x & A, k > 1, X & [x^)^, s G [1,^]. If i{Xs) < i{X) or 
e{s-^X) < e{X), then i{X^) < e{x). 

Proof. If e{Xs) < e{X), then e{X^) = e{s-^Xs) < £{s-^) + e{Xs) < 1 + £{Xs) < 
1 -\- £{X). We have also = k = £{X) mod 2 by Theorem 3.2. Hence £{X^) < 

£{X). The case £{.s~^X) < £{X) is similar. □ 

Lemma 3.7. Let x & A, k >1, X & [x^)^, [/ G s G [1, 5] . Suppose that 

snp UXs < snp UX = snp U + snp X. (3) 

Then £{X^) < £(X). 

Proof. The case s G {l,h} is trivial, so we assnme that s G ]l,h[. By Lemma 3.6, 
it is enongh to show that snpWs < snpX. Snppose the contrary: 

snp Ws = snpW + snps. (4) 

The ineqnality in (3) can be rewritten as snp UXs < snp U W + snp s. By combining 
it with (4) and the eqnality in (3), we obtain 

snp UXs < snp UX + snp s — snp U + snp X + snp s — snp U + snp Xs. 

By Lemma 2.1b, this implies ip{U)ip*^{Xs) =4 S. By Corollary 2.4 combined with 
(4) and Theorem 3.2, we have (p^{Xs) = (p^{X). Hence ip{U)ip^{X) =4 S which 
contradicts the eqnality in (3). □ 

3.2. Products of two atoms. Normal forms in Case (iii) of Theorem 1.1. 

Recall that {G, V, h) is a sqnare free symmetric homogeneons Garside strnctnre 
with set of atoms A. 

Proposition 3.8. Let x and y be two atoms such that xy =4 d. Then there exist 
m > 2 and pairwise distinct atoms ai, ..., (we assume that the indices are 
dehned mod m) such that: 

(i) X — ai, y = a 2 , and a^ai-i-i = xy for any i; 

(ii) ai +2 = for any i; 

(iii) the product ai ■ aj is left weighted unless j = i + 1 mod m. 

Proof. We dehne ai,a 2 ,... recursively by oi — x, 02 = ?/, OiOi+i = Oi-iOi. Then 
all afs are atoms by Lemma 3.1 and (i) holds; (ii) follows from (i). Let us prove 
(iii). Suppose that ai ■ aj is not left weighted, i.e., aiaj ^ d. Note that V aj — xy. 
Since the Garside structure is symmetric, we have ai -< OiOj and Oj -< OiOj. Hence 
xy = tti y ttj ^ ttittj. Since \\xy\\ — ||aiaj||, it follows that aittj — xy = OiOiJ^i 
whence aj = aij^i. □ 

For x,y E A, we set 

{ 0, if X ■ y is left weighted, 

1, ifx^y, 

m, if xy ^ 5 and m is as in Proposition 3.8. 

Remark 3.9. It follows from Proposition 3.8 that the submonoid of G generated 
by any pair of atoms is either free or isomorphic to the positive monoid of the 
dual Garside structure in an Artin-Tits group of type / 2 (m.) (see [21; Proposition 
1.2]). It is interesting to study if the same is true for the subgroup of G generated 
by a pair of atoms. Note that the subgroup generated by a sub monoid M of a 
group is not necessarily isomorphic to the group of fractions of M. For example, 
the submonoid M of Brs generated by cxi and a 2 ^ is free whereas the subgroup 
generated by M is the whole Brs which is not a free group. 
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Proposition 3.10. (a). Let Z = where k,l >1 and x,y & A, x ^ y. Then 
Z ^ SSS(Z’) if and only if one of the following conditions holds: 

(i) hy,x ^ 3; 

(ii) Hx,y = 3, /c = 1, and I > 3; 

(iii) fix,y = 3, / = 1, and k >3. 

If Z E SSS(Z), then the left normal form of Z is 

if hx,y = hy,x =0, 

{xy)^ ■ y^~^ if hx,y = 2 and k < I (the case / < A; is similar), 

xy ■ {xy)’^-^ ■ y^-^ iflJ.x,y>^- 

(b). Let Z = xPy^x^ where p,q,l >1 and x,y E A, xy ^ yx. Then Z ^ SSS(Z) if 
and only if one of the following conditions holds: 

(i) Lx,y = 3, p = I = 1, and q > 2; 

(ii) py^x = 3, q = I = 1, and p>2. 

If Z E SSS(Z), then the left normal form of Z, is 

'xP-y^-x^ if hx,y = hy,x =0, 

xy ■ x\~^ ■ y^~^ ■ x^ if either px,y > 4, or px,y = 3 and I > 2, 

< yx ■ X 2 ■ 1 / 2 ”^ • x'^~^ if either py^x > 4, or py^x = 3 and I > 2, 

{xyf ■ yP-"^ ■ x^-^ if Px,y = 3 andl = 1, 

, {yxY ■ yl~^ ■ xy~‘^ if hy,x = 3 and I = 1 

where xi, X 2 , and y 2 are defined by xy = yxi and yx = xy 2 = y 2 X 2 - 

Proof. A straightforward computation using Proposition 3.8. To see that the listed 
elements Z are in the super summit set, it is enough to check that in each case 
s{Z) belongs to the same list and £(s(Z')) = i{Z). Thus £{s'^{Z)) = £(Z) for any 
m whence Z E SSS(Z) by [13]. □ 

3.3. Proof of Theorem 1.1 and Corollary 1.3. Recall that (G, P, 5) is a square 
free symmetric homogeneous Garside structure with set of atoms A. 

For x,y E A and k,l > 1, we set: 

g'p^^{x\ y^) = {XY\X r^y\ £{X) = 2p + k, £{Y) =2q + l, 

£siXY)^£{X)+£iY)}, 

Sp,nix\y^) = {Z = xfTxf-P \Y r~.y\xiE x^n A, £{X) = 2n + /, 

£s{Z) = k + £{Y)}, 

g'”{x^, y^) = {Z^ x\y[x'l~P \ xi E x^ n A, yi E y^ n A, Z E SSS(Z)} 
and g{x’^, y^) = g'{x^, y^) U g"{x^, y^) U g'"{x^, y^) where 

5'() = U d..,(). 5"() = U d.'»(). 6"'() = U d"(). 

p,q>0 0<p<k;n>0 0<p<k 

g*(x\y‘) = g*(x\y‘)ug*(y‘,x^) where * stands for ' or " or 

It is clear that Z E g(x^,y^) implies Z E SSS(Z). In this notation, the conclusion 
of Theorem 1.1 reads as SSS(Z) C g{x^,y^). Let us £x /c, / > 1 and x,y E A. 
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Lemma 3.11. Let Z G Q'{x^,y’‘) and let s be a simple element such that G 
SSS(Z). Then Z^ 

Proof. Let Z = XY, X ^x’^,Y ^ y\ 1{Z) = i{X) + £{Y). Since Z, Z" G SSS(Z), 
we have £(Z) = £(Z^), hence e{X^) + e{Y^) > e{X^Y^) = £(Z^) = £(Z). On 
the other hand, we have £(X^) < £(s~^) + £(X) + £(s) = £(X) + 2 and, similarly, 
£(Y^) < £(Y) + 2. We have also £(X^) = k = £(X) and £(Y^) = I = £{Y) mod 2 
by Theorem 3.2. Hence 

£{Z) < £{X^) + £{Y^) < £{Z) + 4, £{X^) + £{Y^) = £{Z) mod 2. 

Thns £{X^) + £{Y^) may take only three valnes: £{Z), £(Z) + 2, and £(Z) + 4. We 
consider separately these three cases. 

Case 1. £(X^) + £(Y^) = £(Z). The resnlt immediately follows. 

Case 2. £(X^) + £(Y^) = £(Z) + 2. Then, for (U,V) - (X,Y) or (Y,X), we 
have £(U^) — £(l/) and £(V^) = £(V) + 2, hence inf [7® = inf [7, snp[7® = snp 77, 
inf = inf F — 1, snp F® = snp V + 1 and we obtain 

infW"+ infW = infZ" - 1 and snp X" + snp W = snp Z" + 1. (5) 

Case 2.1. inf = 0 or infX'^ = 0. Withont loss of generality we may assnme 
that inf X® = 0, i. e., X® = x\ where xi G x^^ fl A. In this case we have £{X^) = 
£(X) and 7(W) = £(Y) + 2. Let (A, B) = (t(W), (^(X")). Then, by Theorem 
3.2, we have Y^ = Ad~^YiB with £(Yi) = £(Y^) — 2 = £(Y), BA = S, and hence, 
Y^ = Yj^. By (5) combined with Lemma 2.1b, we have S ^ l'^(X^)l(Y^). Since 
<.^(X®) = xi, we obtain S ^ xiA. Since, moreover, ||5|| > ||a;i|| + ||^||, this yields 
xiA = 5. Since BA = 5, we obtain B — xi, hence Z® = XiY^ — x^Y^ = x’l~^YiXi. 
Since Yi ~ y^ and £{Yi) = £{Y), we conclnde that Z® G Q{x^,y^). 

Case 2.2. infX^ < 0 and infX^ < 0. Let (H, 5) = ((p\X^), t^X^)) and 
{C,D) = (i(X®), (^(y^)). Then, by Theorem 3.2, we have X® = A5~^XiB and 
W = C5-^YiD where BA = DC = h, Xi ~ X, W ~ X, 7(Xi) = £{X^) - 2, 
and £{Yi) — 7(X®) — 2. By (5) combined with Lemma 2.1b we have i^(X^)6(X^) = 
E5 for some E G [1,5]- Hence Z^ = A5-^XiBCS-^YiD = AS-^XiEYiD = 
5~^AXiEYiD where A = t~^{A). Since AB = Ct{D) = h, we have = 
ABCt{D) = AESt{D) = AED5 whence AED = 5. 

Case 2.2.1. £{AXi) < £{Xi) or £(YiD) < £{Yi). By symmetry, it is enongh to 
consider only the latter case. So, let £{YiD) < £{Yi). Then, by Lemma 3.6, we have 
£{Y^^) < 7(Xi). Since Z" = S-^AXiEDY^^ = Xf^Y^ and £{Xf^)+£{Y^) < 
(7(Xi)+2)+7(Xi) =7(X") + (7(W)-2) - £(Z"), we conclnde that Z'^ G ^(a;^y)■ 

Case 2.2.2. £{AXi) — ^(Xi) +1 and £{YiD) — £{Yi) + 1. Let ns show that this is 
impossible. Indeed, in this case we have snp HXi = snp A + snp Xi = snp Xi + 1 = 
snpX^ and similarly snpXiT) = snpX^. By (5), this yields 

snp AXi + snp YiD = snp X^ + snp X^ = snp Z^ + 1 = snp AXiEYiD. 

By Lemma 2.2, this implies that there exist u,v E [1,5] snch that E = uv, 
snpHXiti = snpHXi, and snpnXiT) = snpXiD. Then, by Lemma 3.7, we have 
^(X 2 ) < ^{^i) c^nd £{Y 2 ) < £{Yi) where X 2 = u~^Xiu and X 2 = vYiv~^. Since 

Z" = 5 -^AXiuvYiD = 5 -^AuX2Y2vD = {X2Y2y^, 



ALGORITHMIC RECOGNITION OF QUASIPOSITIVE BRAIDS 


9 


we obtain 4(Z) < 1{X2Y2) <i{X 2 )+l{Y 2 ) <i{Xi)+e{Yi) = e{X^) + i{Y^) - 4 ^ 
i{Z^) — 2. Contradiction. 

Case 3. £{X^) + £{Y^) — £{Z) + 4. Let ns show that this case is impossible. We 
have £(s“^Ws) = + £{X) + £{s) and £(s“^ys) = + £{Y) + £(s), hence 

£{s-^ X) = £{s-^) + £{X) and £{Y s) = £{Y) + £{s) (6) 

whence snps“^W = snps“^ + snpW = snpX and snpFs = snpF + snps = 
snpy + 1. Thns snps“^W + snpFs = snpW + snpF + 1 > snpX + snpF = 
snp Z = snpZ® = snps“^Wys. By Lemma 2.1b, this implies <p(s“^W)<p^(ys) ^ 
5. We have ^p{s~^X) = (^(W) by (6) combined with Corollary 2.4. Similarly, 
<p^(ys) = <p^(y). Thns we obtain ip{X)ip^(Y) ^ S which contradicts the condition 
£(XY) =£(X) + £(Y). □ 

Lemma 3.12. Let Z G Q"{x^,y^) and let s be a simple element such that Z^ G 
SSS(Z). Then Z^ eg{x’^,y^). 

Proof. Let Z = x^Yx^ where xi G fl .4., T ^ y’', p + q = k, £(Z) = £(Y) + k. 
If p = 0 or g = 0, then Lemma 3.11 applies. So, we assnme that p,q > 0. Let ns 
show that 

snp < snp + snp Z or snp Zs < snp Z + snp s. (7) 

Indeed, snppose that the left ineqnality in (7) does not hold, i. e., snps“^Z = 
snp + snp Z = snp Z. Then 

snp s~^Z + snp s = snp Z + 1 > snp Z = snp(s“^Z ■ s). 

Hence (fi{s~^Z)s ^ h by Lemma 2.1b. Since ip{s~^Z) = (p{Z) by Corollary 2.4, this 
means that (p(Z)s ^ 6 which implies the right ineqnality in (7). Thns, (7) holds. 

By symmetry, withont loss of generality we may assnme that the right ineqnality 
in (7) holds. Then xis = (p(Z)s ^ h by Lemma 2.1b. Hence, by Lemma 3.1, we have 
a;is = SX 2 where X 2 — x^ E x^ D 4., and we obtain Z^ = x^Y^x^. If £{Y^) < £{Y)^ 
then we are done. So, we snppose that £{Y^) — £iY) + 2. In this case we have also 
infW = infy- 1. 

Let ns show that 

inf x^Y^ > inf x^ + inf Y^ or inf Y^X 2 > inf y'^ + inf x^. (8) 

Indeed, snppose that the right ineqnality in (8) does not hold, i. e., infy'^a;^ = 
inf y® + inf X 2 : hence inf + inf Y^x^ = inf + inf Y^ + inf x^ = inf Y^ < inf Y = 
inf Z = inf Z^. Then we have 5 ^ i^{x£f)i{Y’^x\) by Lemma 2.1a. By Theorem 3.3, 
we have i{Y^x\) — i{Y^). Hence 5 ^ t^(a; 2 )<-(y^) which implies the left ineqnality 
in (8). Thns, (8) holds. 

By symmetry, withont loss of generality we may assnme that the left ineqnality 
in (8) holds. The rest of the proof is almost the same as in Case 2.1 of Lemma 
3.11. Namely, let (A, H) = (<.(y'^), (p{Y^)). Then, by Theorem 3.2, we have Y^ = 
AS-^YiB with £{Yi) = £{Y^) -2 = £{Y), BA = 5, and hence, = Yf. Then we 
have S =4 = X 2 A by Lemma 2.1a combined with the left ineqnality in (8). 

Since BA = 5, we obtain B = a; 2 , hence Z^ = x^Y^x^ = x^Yf^x^ = 

Since Yi ~ y^ and £{Yi) = £(Y), we conclnde that Z^ G g{x^,y^). □ 
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Lemma 3.13. Let Z G Q"'{x^,y^) and let s be a simple element such that G 
SSS(Z). Then Z^ 

Proof. We shall assume that ||h|| > 3. In the case ||5|| = 2, the proof is the same 
but the notation should be slightly changed. 

By the same arguments as in the proof of Lemma 3.13, we may assume that the 
right inequality in (7) holds. By Proposition 3.10, we have ||(p(Z)|| = 1 or 2. 

Case 1. ||(p(Z)|| = 1. It follows from Proposition 3.10 that, up to exchange of 
the roles of x’^ and y\ we may assume that Z = xfYxf where Y = y[, xi G x^ n.4,, 
yi e y^ n A, p + g = k, q > 1, and (p(Z) — xi. The rest of the proof is the same as 
in Lemma 3.12. 

Note that the presentation of Z in the form as in the dehnition of G"'{x^,y^) 
is not necessarily unique. For example, if A; = 4, / = 1, and Z = xyx^ where 
xy = yz — zx, z E A, then we work with Z — x^y^x^, = x when the right 

equality in (7) holds, but we work with Z = y'^z^y^, g:>*'{Z) = y when the left 
equality in (7) holds. 

Case 2. ||(p(Z’)|| = 2. By Proposition 3.10, we may assume that Z — x^y^x^, 
p + q = k, xq G x*^ n a, yo E y*^ D A, and (p{Z) — uv where {u,v) is (xo,yo) 
or (yo,xo). By the right inequality in (7) combined with Lemma 2.1b, we have 
‘p{Z)s ^ S, thus uvs =4 d. Hence vs ^ S and vs = svi, ui = G .4, by Lemma 3.1. 
Then we have usvi = uvs =4 d whence us ^ d and us = sui, ui — u^ E A. Thus 
Xq = xi and yQ = yi with xi, yi E A^ and we obtain Z^ = x\y\x\ E y^). □ 

Proof of Theorem 1.1. As we already pointed out before Lemma 3.11, we need to 
prove that SSS(Z') C Q{x^,y^). We have SSS(Z) fl 1 /^) 7 ^ 0 . Indeed, if Z ^ P, 
then SSS(Z) ,y^) 7 ^ 0 by [20; Theorem lb] (in fact, only [20; Corollary 3.5] 

is needed here). If Z G P, then, again by [20; Theorem lb], we have Z ~ = x\y{ 

where xi E x^ HA, yi E y^ tlA. By Proposition 3.10a, it follows that Zi E SSS(Z), 
and hence Zi E G"'{x’^,y^), unless one of Cases (i)-(iii) of Proposition 3.10 occur. 
However, in each of these three cases, a cyclic permutation of the word Xiy{ yeilds 
an element Z 2 of SSS(Z). Then we have Z 2 E SSS(Z’) fl G'"{x^,y^). 

By the convexity theorem [11; Corollary 4.2], any element of SSS(Z) can be 
obtained from any other by successive conjugations by simple elements. Thus the 
result follows from Lemmas 3.11-3.13. □ 


The following proposition shows that the cycling operator acts on the sets 
Gp^q{x^,y^) and Gpi^x^^y^) in the most natural and expected way. 

Proposition 3.14. If p > 0, then 

Y Gp-i^q+i{x^,y^) and c{G”^^{x^,y^)) C 2/0■ ^ote that 

^o,n(^^l/0 = andGl^i^x'^^y^) = G'.^^^{y\x'^). 

Proof. The hrst inclusion follows from Corollary 1.2. Let us prove the second one. 
Let Z be as in the dehnition of Gp^ni^^ tV^)- We may suppose that the left normal 
form of Z is as in (2). We see from (2) that l{Z) = Gx^Y) = Ci = t"'(C'i). By 
Lemma 3.4, we have i{x\Y) = i[xiY). Hence Ci = xis = sx 2 where s ^ l(Y) 
and X 2 E x^ r\ A. Thus Z = x\sY'x\~^ = = CiX 2 ~^Y'x\~^ and 

c(Z’) = X2~^Y'x\~^Ci — X2 


P-I^,^k-P^^ _ ^p-ly,^k-p+l^ ^ ^ ^ ^ 


Corollary 1.3 follows from Proposition 3.14. 



ALGORITHMIC RECOGNITION OF QUASIPOSITIVE BRAIDS 


11 


4. Homogeneous symmetric Garside groups with ||(J|| = 3 

In this section we assume that {G,V, 5) is a square free homogeneous symmetric 
Garside structure with set of atoms A and we assume that ||(I|| = 3. 
li 5^ ■ Ai ■ ■ An is the left normal form of X, then we denote: 

G(X) = Card{i I ||A,|| = 1}, fsW = Card{i I ||H,|| =2}. (9) 

Lemma 4.1. Let X E G. Then 

G(^) = mfX + 2supX-e(X) and i 2 {X) =-2mf X - snp X + e{X). 

Proof. Follows from ni+n 2 = £{X) and ni + 2^2 e{X) —3inf X, Ui = i.i{X). □ 

Lemma 4.2. Let Y = 5'^ ■ Ai -.. .■ An be in left normal form, n> 3. Suppose that 
infs Y > p. 

(a) . If l{c(Y)) = t~p{A 2 ), then inf c(Y) > p. 

(b) - If i\\A 2 \\,... ,\\An\\) 7 ^ then inf c(y) > p. 

Proof, (a). If t(c(y)) = A 2 , then c^(y) = S'^As .. .AnAiA 2 where Aj = T~^{Aj). 
Since infs Y > p, it follows from [5] that inf c^(y) > p. Hence 5 A 3 ... An A 1 A 2 . 
Then, by Lemma 2Aa, we have S ^ i"'(A 3 ... A„)Ai, hence h ^ A 2 ... A„ Ai which 
means that inf c(y) > p. 

(b). Suppose that (|| A 2 II,..., ||A„||) 7 ^ ( 1 ,..., 1 ). Let i > 2 be such that || A^H = 
2. Suppose that inf c(y) = p. Then, by Lemma 2.5, the left normal form of c(y) 
starts with ■ A 2 ■ ... ■ A^. Hence inf c(y) > p by (a). Contradiction □ 

Lemma 4.3. Let Y = ■ Ai ■... ■ An be in left normal form, n> 3. Suppose that 

sups y < p + n. 

(a) . If (p{d{Y)) = An-i, then sup d{Y) < p + n. 

(b) - //(||Ai||,...,||An-i||) 7 ^ ( 2 ,..., 2 ), then supd(y) <p + n. 

Proof. Apply Lemma 4.2 to Y~^. □ 

Lemma 4.4. 

(a) . Let inf Y < inf c(y) and sup c(y) = sup y. Theni2{Y)>2. 

(b) . Let infy = infd(y) and supd(y) < supy. Then ^i(y) > 2. 

Proof, (a). Let A = i{Y), Y = AYi, and B = i^{Yi). The condition infy < 
infc(y) = infyiA combined with Lemma 2.1a implies 5 ^ BA. The condition 
sup c(y) = sup y implies 5 7 ^ BA. Hence ||HA|| > ||d|| = 3 whence ||i?|| = || A|| = 2. 
(b). Apply (a) to Y~^. □ 

Lemma 4.5. Let £{Y) > 3 (note that this is so when e(y) > 2 and infy < 0). 

(a) , //infy < infs y andsup^Y = supy, then inf Y <infc(y). 

(b) . //infy = infs y cuid sups y < supy, then supd(y) < supy. 

(c) . IfY ^ SSS(y), theniuiY < inf c(y) or supd(y) < supy. 

Proof, (a). If infy < infs y, then infy = inf X < infc(X) where X = c"^(y) for 
some m > 0 (see [5]). If, moreover, sups y = supy, then i 2 {X) > 2 by Lemma 
4.4. We have £ 2 {X) = £ 2 {Y) by Lemma 4.1, thus £ 2 {Y) > 2, and the result follows 
from Lemma 4.2b. 

(b) . Apply (a) to Y~^. 

(c) . If infy = infs y or sups y = supy, then the result follows from (a), (b). 

Otherwise it follows from Lemmas 4.2b, 4.3b because £ 2 {Y) > 1 or /i(y) >1. □ 
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Lemma 4.6. Let Y G where a,b E A. Suppose that inf^ y < 0 and inf y = 

infs y (i- e., Y is in its summit set). Then there exist U,V E G such that, up to 
exchange of a and b, we have Y = UyV with y E a*^ DA, UV ~ b and the following 
conditions hold: i{U) > 1, £{V) > 1, the product ip{U) - y- iiV) is left weighted, and 
hence ^{Y) -£([/) +1 + £(y). 

Proof. Indnction on snpy — snps y. If snpy — snps y = 0, then Y E SSS(y), 
and the resnlt follows from Corollary 1.2. Indeed, if y = z^y^ with 1{Y) = 
2 + 2i{P) + 2£{Q) and i{Q) > 1, then we set U ~ z^Q~^ and V = Q; if Y = y^z 
with £(y) = 2 + 2i{P), then we set U = P~^ and V = Pz. 

Snppose that snp Y — snps y > 0. Then snp d(y) = snp y — 1 by Lemma 4.5b. 
So, by the indnction hypothesis, we assnme that d(y) = U'y'V' with the reqnired 
properties. Withont loss of generality we may assnme also that inf V' = 0. 

Let ■ Ai ■ ... ■ An be the left normal form of Y. Then the left normal 
form Bi ■ ... ■ Bn-i of 5“Pd(y) is obtained from rP(An) ■ Ai ■ ... ■ An-i by the 
procednre described in Lemma 2.3. It follows that for some i > 1, we have 
(P„|l,Pi|l,...,p,_i||,p,||) = (l,2,...,2,l),(||i?i||,...,||S,||) = (2,...,2), and 
An = Bn for u > i; see Fignre 1. Hence we have U' = S^Bi.. .Bj^i, y' = Bj, 

V = Bj^i... Bn-i for some j in the range i < j < n — 1 and we obtain the desired 
decomposition Y = UyV by setting U = A~^U' = S^Ai.. .Aj^i, y = y' = Aj, 

V = V'An = Aj + ^...An. □ 


T^{An) Ai ... Ai-I Ai 


Ai Aij^i . . . An T ^{Ai) 


Bi ... Bi^i Bi 


Bi Bi^i .. 

H-^^-h 


Bn 
H-1 


Figure 1 


Figure 2 


Lemma 4.7. Let Y E a^b^ where a,b E A. Suppose that snps T > 1, snpT = 
snps y (b e., Y~^ is in its summit set), and ||(p(y)|| = 1. Then there exist U,V E G 
such that, up to exchange of a and b, we have Y = UyV with y E a*^ H A, UV ~ b 
and the following conditions hold: 

(i) £(y) > 1; 

(ii) i{yV) = l + i{V); 

(iii) if i(U) > 0, then the product <p(U) ■ iiyV) is left weighted: 

(iv) if £{U) > 0, then £ 2 {^{U)yV) > 1. 

Note that (ii) and (iii) imply £{X) — £{U) + 1 + £{V). 

Proof. Indnction on infg y — infy. If infs y — infy = 0, then Y E SSS(y), 
and the resnlt follows from Corollary 1.2. Indeed, if y = y^z^ with £{Y) = 
2 + 2£{P) + 2£{Q), then we set U = P~^ and V = Pz^. 

Snppose that infs ^ — inf y > 0. Then inf c(y) = inf y + 1 by Lemma 4.5a. Let 
■ Ai ■ ... ■ An be the left normal form of Y. We set Ai = t~^{Ai). Then the left 
normal form 5 ■ B 2 ■ ... ■ Bn of 5~^c{Y) is obtained from {A 2 ■ ... ■ An)Ai by the 
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procedure described in Lemma 2.5: 

{A 2 ■ . . . ■ An)Ai = {A 2 ■ . . . ■ An-l){Cn ' i?n) = • • • 

= {A 2 ■ ■ Ai-i ■ Aj)(C'i_|_i ■ Bi^i ■ ... ■ Bn) 

= {A 2 ■... ■ Ai-i){ 5 ■ Bi ■ BiJ^i ■ ... ■ Bn) = ... 

= {6 ■ B 2 ■... ■ Bi-i ■ Bi ■ ... ■ Bn) 

where 2 < i < n, all the products in the parentheses are left weighted, and 
Bi, = T{An) for 1 / = 2,... - 1. It follows that (||^i||, ||^i+i||, • ■ •, ||^n|l, ||^i||) = 

(2,1,..., 1, 2) and (||i?i||,..., ||i?n||) = (1, • • ■, 1); see Figure 2. Note that the con¬ 
dition ||(p(y)|| = 1 reads as ||^n|| = 1- Since ll^diU = 2, this yields i < n. 

Since ip{c(Y)) = Bn and \\Bn\\ = 1, we may assume that the induction hypothesis 
holds, so, we have a decomposition c(Y) = U'y'V with the required properties. 
Without loss of generality we may assume also that inf Id' = 0. We shall refer to 
Conditions (i)-(iv) applied to the decomposition c(y) = U'y'V by writing (i)'- 
(iv)'. Condition (iii)' means that U' = 5^~^^B2 .. -Bj-i and y'V' = Bj .. .Bn for 
some j > 2. Condition (iv)' combined with \\Bi\\ = ... \\Bn\\ = 1 implies j < i. 

Let U = 5'PAi.. .Aj-ij y — and V = y~^Aj .. .An. First, let us show 

that y =4 ^j- Indeed, if j < i, then y = T~^{y') ^ T~^{Bj) = Aj. If j = i, then 
yCi+i ^ yS = 5y' = 5Bi = AiCiJ^i whence y ^ Ai = Aj. Thus 

Aj=ys, V = s ■ {Aj+i ■ ... ■ An), se[l,5[. (10) 

We have y ^ y' ^ a and UV = AiU'V'A^^ ~ U'V ~ b. Let us show that the 
decomposition Y = UyV satishes (i)~(iv). Indeed, i < n implies (i), = 2 

implies (iv), and the fact that Ai ■ ... ■ An is left weighted implies (iii). So, it 
remains to check that (ii) holds. By (10) we have i{V) < i{yV) < i{V) + 1, thus it 
is enough to exclude the case i{V) ~ l{yV), that is i{V) = n — j + 1. 

Suppose that i{V) = n — j + 1. The product of n — j factors in the parentheses 
in (10) is left weighted, hence An ^ A^Y) by Lemma 2.3. Since An = V^(y), we 
have II AnII = 1 by the hypothesis of the lemma. Thus the condition An ^ aY) 
implies An = Y^)- We have 

sup yAi = sup y' -|- 1 because VAi = 5V' 

= supi/'y' because £{y'V') — £{V') + 1 by (ii)' 

= n — j + 1 because y'V' = Bj ... Bn 

hence sup VAi = sup V which implies AnAi = (p(y)Ai ^ h by Lemma 2.1b. Hence 

supc(y) < supy which is impossible because supy = sup^ y. □ 

Lemma 4.8. Let V E G and x,y E A be such that: 

(i) i{yV) = l + i{V)>2; 

(ii) inf yVx = inf yV; 

(iii) supyHa; = sup^y. 

Let t = (f{yVx) and yVx — Wt. Then y ^ Y{V). 

Proof. Without loss of generality we may assume that inf^ya: = infy = 0. Then 
we have £{U) = sup U for elements U of G considered in this proof. Let r = £{V). 
The fact that t = (p(iyt) implies £{W) — £{Wt) — 1, hence 


GW) = £{yVx) - 1 = GyV) - 1 = £{¥) = r. 


(11) 
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Let Ai ■ ... ■ Ar and Bq ■ ... ■ Bj., r > 1, he the left normal form of V and of yV 
respectively. By (ii) and (ill) we have S >- Bj-x. Since Bj-x t, we may write 
BrX = st with s G [1, h[. It follows from Lemma 2.5 that Bj.-is ■ t is the left normal 
form of Br-i ■ BrX, in particnlar, 


Br-is ^ d (12) 

Let i be the minimal non-negative integer such that Aj = Bj for all j > i. 

Case 1. i = r. Then we have ||i?o|| = ■ ■ ■ = = 2 by Lemma 2.3. Hence 

the left normal form of yVx is Bq - .. .■ B^-i ■ BrX. Therefore the right normal form 
of IT is Ho ■ • • • ■ Br-i, and we obtain y =4 Bq = Lp^{W). 

Case 2. i — r — 1 and s = 1. Then t = ArX = BrX and IT = y ■ Ai ■ ... ■ Ar-i, 

hence y — 9 ?^(IL) by ( 11 ). 

Case 3. i = r — 1 and s 7 ^ 1. Then we have ||Ho|| = ■ ■ ■ = ||Hr- 2 || = 2 by Lemma 

2.3. Hence the left normal form of yVx is Bq ■ ■ Br -2 ■ Br-is ■ t and the left 

normal form of IT is Hq ■ ... ■ Br -2 ■ Br-is. The right normal form of W coincides 
with the left normal form because the letter length of each canonical factor is 2 . 
Hence y ^ Bq = ip^{W). 

Case A. i < r — 2. Then Br = Ar, Br-i = Ar-i, and IT = y-Ai-.. .■Ar- 2 -Br-is. 
By (12), this is a decomposition of IT into a product of r simple elements. Hence 
y = ^\W)hy (11). □ 


5. Proof of Theorem 1.4 

Let the hypothesis of Theorem 1.4 hold. For a permutation (A,p.,«/) of (1,2,3) 
and an integer n, we set 

= {(x, Y) I xY ~ Af, a; G n Al, Y E , £{Y) < n, inf T > p}, 

Qn,p = Qnl, U C Qn = \^j2,n,p- a^d Q = \^j2,n- 

Till the end of the section (x, y, z) will always denote some permutation of 
{hi,h 2 ,h^) with bi G af hi A, and a:i,a; 2 ,... (resp. yi,y 2 ,... or zi,Z 2 :...) will 
stand for some atoms which are conjugate to x (resp. to y or to z). All these new 
atoms will be obtained from x, y, z by applying Lemma 3.1. 

Lemma 5.1. Let {x,Y) G Qn,p, p < 0. Suppose that inf xT > p or infTa: > p. 
Then Qn-i 7 ^ 0 . 

Proof. By symmetry, it is enough to consider the case when inf xT > infT. Let 
A = i{Y). Then 6 ^ xA by Lemma 2.1a. Since ||a;|| = 1 and ||A|| < 2, this means 

xA = Axi = S. (13) 

Case 1. T G SSS(T). Then, by Corollary 1.2, we have Y = AUyV with 
£{Y) = £{U) + £{y) + 2 and AUV ~ z. Hence, for Z = VxAU = VSU, we 
have yZ = yVxAU ~ xAUyV = xY ~ X and Z = VxAU ~ xAUV G x{z^). 
Since £{Z) - £{V5U) < i{V) + £{U) = £{Y) - 2 < n - 2, we obtain {y, Z) G Qn- 2 . 
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Case 2. Y ^ SSS(Y). By Lemma 4.5c, infy < infc(y) or supd(y) < supy. If 
infy < infc(y), then (xY)^ — a;ic(y) by (13), whence (a:i,c(y)) e Qn-i- 

Snppose that snpd(y) < snpy. Let B = ^{Y), Y = YiB. Then d(y) = BYi 
and£(yi) = i{Y)-l. Let C = (p\yi), yi = CY 2 . Then£(y 2 ) = i{Yi)-l - i{Y)-2. 
Since snp(i?yi) = snpd(y) < snpy = snpB + snpyi, we obtain BC 5 by 
Lemma 2.1b. We have C = (p*^{Yi) ^ <-(yi) = i{Y) = A whence xC xA = h by 
(13). Hence xC = Cx 2 and we obtain (xY)^ = X 2 Y^ with 1{Y^) = (.{Y 2 BC) < 
i{Y 2 ) + ^{BC) = i{Y 2 ) + 1 = i{Y) - 1, thns (a^s, Y^) e Q„_i. □ 

Lemma 5.2. Let {x,Y) G Qn,p o,nd p < 0. Suppose that snp^y < snpy or 
snpyx < snpy. Then either xY G SSS(X), or Yx G SSS(y), or Qn-i 7 ^ 0- 

Proof. By symmetry, it is enongh to consider only the case snp Yx < snp Y. Then 
Ax — xiA ^ S with xi G x^ fl A and A = (p(Y), Y = YiA. By Lemma 5.1 we may 
assnme that 

inf xY = irviY X = inf Y. (14) 

Let B = i^{Yx). Since the simple element Ax divides d~^Yx from the right bnt 5 
does not dne to (14), we conclnde that B Ax. Since ||H.a;|| = 2, this means that 
B = Ax. Then c"'(ya;) = BYi. If B ■ i(yi) is not left weighted, then inf BTi > 
infTi = p and the resnlt follows from Lemma 5.1 applied to (a;i,d(y)) becanse 
a;id(y) = xiAYi = BYi. So, we assnme that B ■ i(Yi) is left weighted whence 
inf BTi = infTi which means that infc"'(ya;) = infyx. By Lemma 4.2b this 
implies that either 

inf y a; = infs y a; (15) 


or i 2 iY) = 0 . 

Case 1. i2iX) = 0. Let C = t(y), Y = CY 2 A. If H • (7 is left weighted, then Y 
is rigid, hence Y G SSS(y) which contradicts [20; Corollary 3]. Hence AC ^ 5 and 
we obtain (a;i,d(y)) G Qn-i becanse a;id(y) = a;id(yiH) = a;iAyi = Ha;yi ~ 
a;yiH = xY ^ X and f(d(y)) = i{d{CY 2 A)) = i{ACY 2 ) < 1{AC) + i{Y 2 ) = 
I Y t{Y2) ^ i{Y) - 1. 

Case 2. £ 2 {Y) > 0, thns (15) holds. If snp^ya; = snpya;, then ya; G SSS(y) 
and we are done. So, we assnme that snpsya; < snpya; which implies by Lemma 
4.5b 

snpd(ya;) < snpya;. (16) 

Case 2.1. snps y = snpy. Snppose that snp^ y < 1. Then infs T = 0 and 
snps y = 1 by [20; Theorem lb] (or by Corollary 1.2). By Lemma 4.1, this yields 
p = infy = e(y) — 2snpy + £\{Y) = 2 — 2x1 + ^i(y) > 0 which contradicts the 
hypothesis p < 0. Thns snp^ y > 1. Recall also that +(y) = A and Aa; + 5 whence 

Pll = l- 

So, we may nse Lemma 4.7. Hence Y = UyV where UV ~ x and Conditions 
(i)-(iv) of Lemma 4.7 hold. Condition (iii) implies ip{yV) = p(y) = A. Condition 
(iv) implies that the left normal form of Ha; coincides with the tail of the left normal 
form of ya;, in particnlar, <p(ya;) = ip{yVx)', we denote this element by t and we 
set yVx = Wt as in Lemma 4.8. Then we have y + ipA{W) by Lemma 4.8 and we 
set = ys = syi, W = ^/slTiwith s G [l,h[. 
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We are going to prove that (yi, Z) G Qn-i for Z = WitUs. We evidently have: 

yiZ = yiWitUs ~ syiWitU = ysWitU = WtU = yVxU ~ xUyV = xF ~ X, 

Z = WitUs ~ sWitU = VxU ~ xUV e x^z^. 

So, it remains to show that £(Z) < n. We have d(ya:) = d{UWt) = tUW and 
snp(d(ya;)) < snp(ya;) = snp(y) by (16), thns 

sup tUW < sup Y. (17) 

If snp tU + snp W < snp Y, then e{Z) = l{WitUs) < i{Wi) + l{tU) + 1 = e{W) + 
i{tU) < i{Y) = n and we are done. So, we assnme that snp ft/ + snp W > snpy. 
Since snp tU + snp W < 1 + snp U + snp W = snp U + snp Wt = snp U + snp yVx = 
supU + snpi/y = snpy, it follows that sup tU + snp W = snpy. Then (17) com¬ 
bined with Lemma 2.1b yields ^ S whence Bs ^ Bsyi = Bifi'^{W) 5 

where B = (p{tU). Thns, by setting tU = UiB, we obtain i{Z) — £{WitUs) < 
i{WiUiBs) < e{WiUi)+i{Bs) = i{WiUi)+i < e{Wi)+i{Ui)+i = i{w)+e{Ui) = 
ilwt) + i{U) - 1 = i{yVx) + i{U) - 1 = £{U) + £{yV) - 1 = £{Y) - 1 = n - 1. 

Case 2.2. snpd(y) < snpT. Recall that Yx = YiAx = YiB where A = (p(Y) 
and B = Ax = l*^{Yx). So, we have d(y) = AYi. Thns the condition snpd(y) < 
snpy reads as snp AYi < snpyi^d = snp A-|-snp Yi^ hence, by Lemma 2.1b, we have 
AC ^ 5 where we set C = (^"'(W), W = Cy 2 . Since B = l^{Yx) and Yx = YiB, 
we have y:i^{Yx) = (p^{YiB) = <^c’''(yi) = C. Thns (a:i,d(y)) G Qn-i becanse 
a:id(y) = a:id(yi7l) = xiAYi = AxYi ~ YiAx = Tx ~ W and d(y) = d(yi7l) = 
AYi = ACY 2 whence £(d(y)) < £(AC) + £(Y 2 ) = 1 + £(Y 2 ) = £(Yi) = £(Y) - 1. 

Case 2.3. snp^ Y < snpd(y) = snpT. Let ns show that this case is impossible. 
Indeed, the condition snp d(y) = snp Y combined with Lemma 4.3b yields ^i(yi) = 
0. Since, moreover, Yx = YiB, B = Ax — i'{Yx) and ||i?|| = 2, we obtain 
£i{Yx) = 0. By (15) this implies that Yx is rigid which contradicts (16). □ 

Lemma 5.3. Let {x,Y) G Qn , p , P < 0 . Suppose that £{xY) = £{Yx) = 1 -T £{Y). 
Then either xY G SSS(X), or Yx E SSS(y), or Qn-i 7 ^ 0, or Qn,p+i 7 ^ 0 

Proof. The condition £{Yx) — £{Y) -f 1 implies pfYx) = x and hence d(ya;) == xY. 

Case 1. snpy a: > snp^ Yx. By [5] we then have 

snpd(a:y) = snpd^(ya;) < snpya;. (18) 

Since £(xY) = £(Yx), we have snpd(ya;) = snp^y = snpya;. Hence £i(Y) = 0 
by Lemma 4.3b. Let A = (p(Y), B = p{xY), C = i{xY), and let a;y = CUB. 
We have A^ B (otherwise we wonld obtain snpd(ya:) < snpyx by Lemma 4.3a) 
and we have A B hj Lemma 2.3. Hence ||il|| = 1. By combining this fact 
with £i{CUB) = £i(xY) = £i(Yx) = 1, we obtain £i{CU) = 0. It follows that 
the left normal form of 5~^CU coincides with its right normal form, in particnlar, 
p^{CU) = i{CU) = C. By (18), we have sup BCU = snpd(a;y) < snp^y = 
sup CUB = snpR -|- sup CU. Hence, by Lemma 2.1b, we have Bip^{CU) =4 h, that 
is BC ^ S. This implies BC = S becanse IICH = 2 (recall that £i{CU) = 0) and 
||R|| = 1. We have x =4 i{xY) — (7, hence Bx ^ BC = 5 which yields Bx = xiB 
with xi E x'^ n A. Since x ^ C^ we may write C = xC\ C E [l,h]. So, for Z = 
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BC'U, we obtain xiZ = xiBC'U = BxC'U = BCU = d{CUB) = d{xY) ~ X 
and Z = BCU ~ CUB = x-^CUB = Y. We have £(Z) < i{BC) + i{U) = 
1 + £(U) = £(xY) — 1 £(Y) = n, hence (xi, Z) G Qn,p- Since xiZ = xiBC'U = 

BxCU = BCU = 5U, we have mixiZ > inf [/ = p, thns the resnlt follows from 
Lemma 5.1. 

Case 2. snpZa; = snp^Fa;. If inf Fa; = inf^Fx, then Fa; G SSS(W) and we are 
done. So, we snppose that inf Fa; < infg Fa;. Then, by Lemma 4.5a, we have 

inf Fa; < inf c(Fa;). (19) 

Let A = <.(F), F = AYi. The condition i{Yx) = £{Y) + 1 implies that p{Y) ■ x is 
left weighted whence b{Yx) = t(F) = A. Thns c(F) = YiA, c(Fa;) = Fia;A, and 

p{Yx) — p{Yix) — X. (20) 

Case 2.1. infF = infg F. Let t = p(Fa;), A = tA', thns s(Fa;) = A'Yixt. Then 
xt =4 hence xt = tx 2 ^ a;2 G a;*^ fl and we obtain s(Fa;) = Y^X 2 - By (19) 
combined with [13; Lemma 4] we have 

infFa; < infs(Fa;). (21) 

Since t ^ A = <.(F), we have £{Y*) < £{Y) + 1. If £{Y*) < £(F), then the result 
follows from Lemma 5.1 applied to (a;2,F*), because a;2F* ~ F*a;2 = s(Fa;) ~ X 
and inf F*a;2 > p by (21). So, we assume that 

£{Y^) = £{Y)+ 1. (22) 

The condition t ^ A = i{Y) implies infF* > infF. Since infF = infg F, it 
follows that inf F* = infg F. Hence, by the ‘right-to-left’ version of Lemma 4.6, 
we have F* = UyV with UV ~ z, £{U) + £{V) + 1 = £(F*), £(V) > 1, and 
i^{Uy) ■ p^{V) right weighted. The last two conditions imply t^(F*) = i^(F); 
we denote this element by B and we set V = ViB. By (21) and (22) we have 
infF* + infa;2 = infF* = infF = infFa; < inf5(Fa;) = infF*a;2, hence 5 ^ 
<.^(F*)a;2 = Bx 2 by Lemma 2.1a. Since ||Ba;2|| < ||h||, this means that Bx 2 = h, 
and we obtain s(Fa;) = UyVx 2 = UyViBx 2 = UyViS ~ yZ where Z = ViSU. 
Since UV ~ 2;, we have Z ~ UViS = UV 1 BX 2 = UVX 2 G z^x^. Since, moreover, 
£{Z) < £{U) + £{Vi) - £{U) + £{V) - 1 = £(F*) - 2 = £{Y) - 1, we conclude that 
iy,Z) G Qn-i. 

Case 2.2. infF < infc(F). Recall that F = AYi and A = i(Y) = l(Yx). Let 
B = i"'(Fi), Fi = Y 2 B. Since inf Fi -t- inf A = infF < inf c(F) = inf FiA, we have 
S =4 BA by Lemma 2.1a. Hence B = CD and DA = S for some simple elements C 
and D. By Theorem 3.2, the left normal form of DxA is D' -xi- A' with A',D' G V, 
xi E x'^ n Aj and D'A' = S. 

Since i(Fa;) = i(F) = A, we have c(Fa;) = Fia;A = (F2C')(Ila;A). Hence, 
S ^ Y 2 C i{DxA) = Y 2 CD' by (19) combined with Lemma 2.1a. Hence, for Z = 
A'Y 2 CD', we have inf Z > inf F and £{Z) < £{A') +£{Y 2 )+£{C)+£{D') -1 < £{Y). 
Since Z ~ Y 2 CD'A' = Y 2 C 5 = Y 2 CDA = FiA ~ F and xiZ ~ Y 2 CD'xiA' = 
Y 2 CDXA = YixA ~ Fa; ~ X, we conclude that {xi, Z) G Qn,p+i- 
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Case 2.3. infy = inf c(y) < infg y. Then ^2(^1) = 0 by Lemma 4.2b. By 
(20), this implies £ 2 {Yix) = 0 whence <.^(yia;) = = x. By (19), we have 

iniYixA = infc(ya;) > infya; = infyia; + inf^4. Hence 5 ^ i^{Yix)A = xA by 
Lemma 2.1a. Since ||a;H|| < 3, this means that xA = 5. Hence xA = Axi, xi G A, 
and we obtain c(Yx) = Zxi where Z = yiH = c(y) ~ Y and 5 ^ Zxi, so, the 
resnlt follows from Lemma 5.1 applied to (a;i, Z). □ 

Lemma 5.4. Let {x,Y) G Q and Yx G SSS(X). Then there exist {xi,Yi) G Q 
such that xiYi G SSS(X). 

Proof. Let A = i^{Yx) and Yx = UA. Then A )p x whence A = sx = xis and 
Y = Us for a simple element s. Let Xi = c"'(ya;) and Yi = sU. Then we have 
Xi = AU — xi-sU — xiYi, hence {xi,Yi) G Q and xfYi G SSS(X). □ 

Theorem 1.4 immediately follows from Lemmas 5.1 - 5.4. 

6. Structure of SSS(X) when ||A|| = 3 (after S.-J. Lee) 

Here we give a summary of those results from [14; Chapter 4] which extend to 
any homogeneous Gar side group with Gar side element of letter length 3. 

Let ((?, V, A) be a homogeneous Garside structure with set of atoms A such that 
||A|| = 3. 

We say that A G (? is rigid if (^(A) ■ i(A) is left weighted. Following [14], we 
say that A is strictly rigid if it is rigid and ^i(A) = 0 or £ 2 {Y) = 0 (see (9)). If 
A G USS(A), then we dehne the cycling orbit of A as Ox = {c"^r^(A) \k,m> 0}. 

Proposition 6.1. Let X G USS(A), £{X) > 2. Then: 

(a) . SC(A) = USS(A). 

(b) . SSS(X) = U„.>oc’’"(USS(Jf)). 

(c) . One and only one of the following alternatives holds: 

(i) each element o/USS(A) is strictly rigid and SSS(A) = USS(A); 

(ii) each element o/USS(A) is rigid but not strictly rigid, and USS(A) = Ox; 

(iii) no element o/SSS(A) is rigid and SSS(A) = USS(A) = Ox- 

Lemma 6.2. If X is not rigid and X G SSS(A), then c^(c(A)) = d"'(d(A)) = A. 

Proof. If i{X) = 1, the statement is evident. Assume that £{X) > 1. Since A is 
not rigid, the product <^c’(A) • i{X) is not left weighted. Since A G SSS(A), this 
implies ||(p(A)|| = 1 and ||<.(A)|| = 2. Let A = i{X)U. Then c(A) = Ui{X), hence 
t^(c(A)) i(A). Thus fact combined with ||<.(A)|| = 2 implies <.^(c(A)) = i{X) 

whence c\c(A)) = A. Similarly d\d(A)) = A. □ 

Lemma 6.3. Let X E G, £{X) > 1. Suppose that X^ does not contain any rigid 
element. Then SC(A) = SC\A) = SSS(A). 

Proof. Lemma 6.2 implies that c and d are bijective mappings from SSS(A) to itself 
and that c"' and d^ are their inverse mappings. Hence s and s"' also are bijective 
mappings from SSS(A) to itself. □ 

Proof of Proposition 6.1. (a). If X^ does not contain a rigid element, then the 
resnlt follows from Lemma 6.3. Otherwise it follows from [3; Theorem 3.15] which 
states that if X^ contains a rigid element, then all elements of USS(A) are rigid. 
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(b) . Let X G SSS(X) and let m > 0 be the minimal nnmber snch that Y = 

c^lx) e USS(X). Then = X by Lemma 6.2. 

(c) . The fact that USS(X) = Ox when X is not strictly rigid is proven in 
[14; Theorem 4.4.1]. All the other statements follow from (a), and [3; Theorem 
3.15]. □ 
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